Abstract. Quasi-analytic wave-front sets of distributions which correspond to the Gevrey sequence p! s , s ∈ [1/2, 1) are defined and investigated. The localization by a cut-off function, for distributions and ultra-distributions which correspond to p! s , s > 1, or the localization by a sequence of cut-off functions in the analytic case (s = 1) and then the use of Fourier transform is replaced, in the case s ∈ [1/2, 1), by a new approach based on a restriction of a distribution, then extension of this restriction and the use of a sequence of short time Fourier transforms with the Gaussian window functions. Then, the basic properties are established.
Introduction
With the notation W F A (f ), W F t (f ), t > 1, and W F (f ) for the analytic, E t and the C ∞ wave-fronts, we know that
where E t , t > 1, is the Roumeu space of ultra-differentiable functions which correspond to the Gevrey sequence p! t . The wave-fronts W F t (f ) are equal to wave-front sets W F L (f ) of Section 8.4 in [9] , with L p = p t , t > 1. In particular, if t = 1, then it agrees with the (real-)analytic wave-front set, W F A (f ).
Roughly speaking, in the literature there are no wave-front sets which detect heavier singularities than singularities involwed in the analytic wave front set.
Let us mention that the analysis of various wave fronts and their applications for distributions and ultradistributons, has been given in many excellent papers, for example in [5] , [6] , [16] , [13] , [22] , [4] and the references therein. A global wave front set of [2] is an adaptation of the approach of [10] via the Fourier-Bros-Iagolnitzer transform similarly as the homogeneous wave front set cf. [14] - [18] , see also [7] . We also refer to our references [19] - [21] , [6] .
In this paper we define the wave-front set W F s (f ), s ∈ [1/2, 1), for f ∈ D ′ (R d ). This is done by restricting f in a ball around x 0 (f res = f |L(x 0 ,r) ), and then, by the appropriate estimate of the sequence of short time Fourier transforms f rex (x), e −|x−x 0 | 2 /(4N ) e −ixξ , N ∈ N, ξ belongs to a cone Γ. By f rex is denoted an appropriate extension of f res . Our definition extends the notion of ultra-distribution wave fronts for s = t > 1 and can be accommodated in order to extend the notion of the analytic wave front in case s = 1 (see Remark 1.4) We establish basic properties for the wave-front sets for s ∈ [1/2, 1). Moreover, we introduce a spaceẼ s (R d ), a subspace of the space of Gevrey ultradifferenciable functions E s (R d ), and consider the local regularity of an f ∈ D ′ (R d ) with respect to both spaces. We have
where π 1 is the projection π 1 (x, ξ) = x from ∈ R 2d to R d . Considering the local singularities with respect to E s , we have
We also show that the wave-front set of f ∈ D ′ (R d ) decreases with the differentiation as well as with the multiplication by a function from
. For the former property we assume additionally that the Fourier transform of f is a polynomially bounded locally integrable function Consequently, the wave-front sets here can be applied on problems involving partial differential equations.
We prove the basic estimate of the propagation of the wave-front, s ∈ (1/2, 1) related to a distribution u and a differential operator with constant coefficients P (D):
where, W F (s, P, u) is a suitable set determined by by the regularity of P (D)(u rex ) and the polynomial growth of the Fourier transform of u rex .
Gevrey wave-fronts
Note that
and that
If x 0 = 0, then we put E N .
Remark 1.1. Since Hermite functions are given by
Especially, we have
These precise estimates will be important in Section 3. In the rest of this section and in Section 2, we will use C to denote different constants.
1.1. Definition of the wave front. If f is an entire function on C n , then it is completely determined by any of its restriction over any open set of R d . We are not able to study the local and micro-local properties of a distribution through the localization by a cut-off function in the case s ∈ [1/2, 1), or by a sequence of cut-off functions in the case s = 1. In order to study such local properties of distributions we propose localization and extension as follows. In the set of all extensions for a distribution f given in an open set, (open ball) we are aimed to find the best extensions from the point of view of micro-local analysis. If f is equal to an entire function in a ball L(x 0 , r) and this entire function belongs to the largest dual Gelfan-Shilov space (S
′ , then it is the best extension of f . We denote by f res = f |L(x 0 ,r) its restriction over the open ball L(x 0 , r) of f and by f rex an extension of f res over R d belonging to (S 
′ , then it is one of this suitable extensions, but our aim is to see whether there exists better extensions from the micro-local point of view in the quasi-analytic class.
is Gevrey s-regular point for f if there exist a suitable extension f rex (from the ball L(0, r)) and an open cone Γ ξ 0 = Γ such that for some v ∈ N, C > 0 and N 0 ∈ N,
We denote by W F s f the complement of the set of Gevrey regular points in
Example 1.3. 1. Let f n be a sequence of entire functions over C d and s n , n ∈ N, be a strictly decreasing sequence tending to 1/2 as n → ∞. Let the sequence of restriction of f n on
Denote by 1 n the characteristic function of the set (−n, −n + 1)
, the product of f and any cutt-of function κ , with a sufficiently small support, from the space of ultra-differentiable functions D t (R d ) equals one in a neighborhood of x 0 , is a suitable extension leading to the same definition of W F t (f ).
2. In the case s = 1, for the analytic wave front one has to use a suitable sequence of extensions f rex N so that (1.3) should be changed into
where we use for the extensions the products f κ N , κ N is a sequence of compactly supported smooth functions equal one in a neighborhood of x 0 so that for some C > 0,
where
By (1.4) we get
We determine C 1 so that
This implies that
Fixing α and letting N → ∞, we see that the left hand side converges to f (α) . It follows that f ∈ E s (U).
We consider the space
, where the last space consists of smooth functions on R d with the property
Proof. By (1.6) and the property of α! s , we have, with suitable h 1 > 0,
Remark 1.7. We will use in the sequel that for any l > 0 there exists c l > 0 so that
We consider the space of distributions f so that
We apply the standard technique as in Lemma 8.1.1, [9] . Assume below that |ξ| > 1. Then
Now we estimate I 2 . For this we need the following estimate which follow from (1.8):
(1.10) We use (1.4), (1.10), the assumption on θ and
where r > d + 1 + l. With a new C we obtain
(1.11) Now (1.9) and (1.11) imply the assertion. b) It is enough to prove the assertion for P (D) = ∂ x k . We have
We estimate the first therm by the use of standard arguments for p! s . We have
By the change of variable
√ N ξ = t, and suitable C > 0, in
where c does not depend on N. Thus, for the second therm in (1.12) we have
where c 1 > 0 is a suitable constant not depending on n and N.
Local regularity
We have definedẼ s (R d ) so that the following assertion holds.
Then there exists C such that (1.4) holds for f rex E N .
so the proof follows by the fact that || < ξ > n E N )(ξ)|| L 1 (R d ) < c, where c does not depend on n and N.
This implies:
Corollary 2.2. Let U be open and
In particular, (0.2) holds where singsupp s f is the set of points x ∈ R d so that there does not exist an extension out of a neigbourhood of
By Definition 1.2, the compactness of the sphere S n−1 (as in the case of the analytic wave front [9] )), we have the next proposition.
Then there exists an open set U around x 0 with the property f |U ∈ E s (U).
Next, we compare the projections of these sets with the singular support with respect to E s . We need the following theorem.
(2.1)
For the sake of simplicity, assume x 0 = 0, v = 1, N 0 = 1. As in the proof of Proposition 2.1, we have
we conclude the assertion in the case
and Γ = Γ 0 . Let K = {x 0 } and F be a closed cone. We note that the intersection of F with the unit sphere is compact. Hence we may choose a finite number of balls, B(x 0 , r x 0 ,ξ j ), closed cones Γ ξ j compactly included in open cones Γ j , j = 1, ..., k ((1.3) holds in Γ j ), then take for U the intersection of open balls, and for Γ, Γ ≡ k j=1 Γ j . Finally, since K is compact, we may cover K by finite number of open balls B x k , k = 1, . . . , m, and repeat the procedure for every ball.
The following result links the singsupp s with th s-wave-front set.
holds for some C > 0. By Proposition 1.5 we conclude that
The next statement is a straight-forward consequence of the definition and previous results.
Wave-front of P (D)u
Let P (D) be a differential operator with constant coefficients and
Definition 3.1. Denote by Reg(s, P, u) the set of points
so that the following two conditions hold: 1. There exists u rex (an extension out of a ball) so that
where l and C depend on this extension u rex around x 0 . 2. (1.3) holds for P (D)u rex , that is, for some open cone Γ around ξ 0 , some v ∈ N, N 0 ∈ N and C > 0,
We denote by W F (s, P, u) its complement.
One can easily prove that W F (s, P, u) is a closed set. 
Proof. Assume that (x 0 , ξ 0 ) does not belong to the right -hand side of (3.3) i.e. there exists a neighbourhood U of x 0 and an open conic neighbourhood Γ of ξ 0 in R n \ {0} such that
We assume that x 0 = 0. We use the notation P (D)u rex = f rex so that u rex satisfies (3.1) and consequently f rex satisfies (3.1), with another exponent. Moreover, f rex satisfies (3.2). We will follow the proof of Theorem 8.6.1 in [9] . However, we make several important modifications which makes this proof different from that of quoted theorem.
Let r ∈ R d so that r 2 > v (v is from (3.2)). We consider equation
We will determine r according to (3.13) . With
as in [9] , one pass to an equation of the form 6) where R j |ξ| j is a differential operator of order less than or equal to j and homogeneous of degree zero with respect to ξ when ξ ∈ Γ, j = 1, ..., m. Formally, a solution should have a form w = ∞ j=0 R j E r 2 N . Let
where the composed operators
We have
This leads to
Let us estimate e N .We need to estimate the number σ p of operators R j 1 ...R j k , j 1 + ... + j k = p of the form (3.8). More precisely, we have to find out the number of presentations
. One can find that, with suitable c > 0,
The summation over the set of indices in (3.9), j 1 + j 2 + ... + j k ≥ 2N − m > j 2 + ... + j k can be estimated by the number of addends in (3.9) multiplied by the maximal one. Now we estimate the number s of addends in (3.9). If p = 2N − m − i, i = 1, ..., m − 1, with the application of R j 1 on R j 2 ...R j k , one can rich one of the members of the sum in (3.9). The choice of j 1 depends on i but the number of such j 1 is less than m(m − 1)/2. Thus, by (3.10), and with another constant c, we have that
With the similar argument we estimate S, the number of addends in w N : S ≤ c4 2N −m ( with another c).
If we estimate coefficients of
Thus, (3.11) and (1.2) imply
that is, for r > 4h/e,
Moreover, by (3.13) and (1.1) of Remark 1.1 we have (with suitable c > 0)
This implies, with another c,
Since u rex satisfies (3.1), we have | u rex (x), e −i<x,ξ> e N (x, ξ) | = | u rex * e N (·, ξ)|, ξ ∈ R d , and
Thus, for N 0 = l + m, we have what we wanted to prove:
(3.14) Similarly to the estimate of e N , by (3.12), (3.7) and (1.1), we may conclude that
and
We estimate |F ( 
Denote by κ ξ the characteristic function of the set {η ∈ R d ; |η| > c|ξ|}.Then, for ξ ∈ R d , |η|>c|ξ| | ( w N P m )(η, ξ)|| f rex E r 2 N (ξ − η)|dη
where we have used that c ∈ (0, 1) implies |ξ − η| ≤ (1 + c −1 )||η|. Let n < N. Then
By thearguments of Remark 1.7, this implies < ξ > n |η|>c|ξ| | ( w N P m )(η, ξ)|| f rex E r 2 N (ξ − η)|dη.
≤ C n+1 n sn < ξ > n−2N , ξ ∈ R d , n < N, N > N 0 . (3.18) Now by (3.14), (3.17) , and (3.18), the proof of the theorem follows.
